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TECHNICAL REPCET NO, 4

AN EXTENSION OF THE ALGEBRA OF CLASSES FOR

THE ASSOCIATION OF IDEAS

In the previous report we distinquished between the
possible and actual ascociations in anvy system of information.
Whether or not any association is actual in any systom st a pars
ticuiar time i1s a material iaci. An sazocisiion msy ve a pos-
sible one at time %;, but at & lster time tp it may become an
actual association in the system. When an association which wes

at mosi a possibie one ai bty becomes zstual at tz, we =zay ir

lsgic that the class has ne members at ¢y, and has mcmbers et to.
For example, at ¢ the class "Hydrogen Bomb™ might
nave no members if t; were the 1930°'s, 'That {is, the legieal

product of “Hydrogzn" and “Bomb™ is null,

ydl \\ / \
( u ]
But at t,, we have en aciia 1 association if to were 1954, ia

that "Hydregen" and "Bomb" have & ioylesi product which is not




coicept of the null class is necessa  Ix the loglc of

clssses, since the product ¢i zny two classes i8S a class, Thiis,

ther2 i3 s rlass "Hedroges Bomba"

and® &
uu- as o

i

null class, which has no members. To talk of the "Class of hy-

drogen bombs in 1930" g2 the null ¢lags may ser jueer: but iz

=

ogic there can be oniy sne null class, which containe ss menm

bers all round squares, all sguare eivcles, all griffins and all

unfcorns as well as aii nvcérogen bombs shich existed {n 1930, A

proof that there can bc only ciie rull class is given below:

18233

0, .md 02 such thet,
{1) a+ Oy = a; zaad
{2) a + =

In each of these equutions "a" can represent
eny class we choase, including 0, or 0?. By

substituti~q 03 for 2 in {1) and cubstftuting
1 for a in {2} we get
(3) 0y + 0} = 02; and
(4) 01+ Op = 0j
But 0 + 0y = 0] + 0, since "+" is commuvative,
iience, 0o = 03 by substitution from (3) and (4),

or the classes we assumed to be different are reaily
8 tingle ciass,
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Unfortunately for all our sakes the class "HB" differs iy
one imnortant respect from the class of unfcorns or round savares,
We sre safe in regarding round squarec as members of the null
class, since we know that no changes in the worid can chenge
the fzct that round squares are members of the nuli clase, Byt
chenges in materizl facts, with \.me, change the status of hydro-
aen bombs., Reund squaves cannot exist but hydrogen bombs might
happen to exist, Tt is this property of hsppening to have mem.

rvdinn== Yaxisal nradass.
........ a Intarndcaagl, (TEDyent) =

The logical product of iwo classes A and B is defined ag

N

the ciass which has as members the common member:s 2f A and B
snd = decignated by the abbrevisted symbelism "A x 87 or

simply "AB",

mean simply that AB # O, For convenience in expreszing this
symbolically, we shall introduce s new symbol to répresent the
predicate "is associsted with”, For this purpose "*" wiil be
usgd, Tt ¢{e defined by the relation
A*B =-AB 70

which means that the statement A is associuted with B" is equi-
valent to the statement “thc logica]l product of A sad B exists”.

Whersas "x" i¢ a binary ccnnective whizh inins terms to
form other terms (that is, the product of two classes is a class),

"$'* {g a connective which jeins terms to form Statcments,

Y e - i - SO -
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We shall =1s0 use “," as indicating the enumeration of
a set of terms or classes, Thus the expression ™A, B" is
read simply as "the class A and the class B". The "5ad" here
thould not be confused with the conjuncticn cf two statements
10 makE an0i ¢i sigiomeii TEv30; nor should it be confused
witk "A+ 8" (logicsl sum) which is understood as the cless
whose membex:i sre A or B or both,

The product speration "x™ is distributive into summation

WY AX (B+rCl = 4 x B2+ A xC, Similgriy, "+" is distribu-

1.4

fva inta che velatinnchin af “and"
A* (B, C).==:A*BeA=C(

The vroperties of “"x" are assoctativiey, (A x ¥} xC = A x (B

E

3 H
commutativity, A x B = & x A; and idempotence, A x A » A, The

properties of "*" are commutativity, A ® Bez= *B * A; and re-

o

flexivity, A ® A {s tru

fre
ZVR

ny A: but not transitiviey (i¢

-t

fs false thet A * ReB * C+)-A * {J,

By analogy with "*", we shall occasionally use the symbol
"8~&-" 35 follows: A * B * C means A x B x C ¥ O, or A, B, and
C are all associated with esch cther,

Using the relstions defined absv., the fact that A is asce-
cinted with C and D can be expressed ae

A»*{C, D)

which signiffes A* C+A * D, If A and B are associsied with
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each other and with C and D, we have

{A *B)*(C, D)
which is equivalent to A 6 *C and A® R ® D i however,
A and B are int zttocisted with eazh other but wre boil asso-
clated with C and D, we have

(A, B3 2 {C, D)
wnich is equivalent to the set of statements

A*C

A®

4=

B*C
BeD
It should be noted that """ js defined as a reiailon be-
iween non-empty classes; for 1f A = 0, then A x B = O, but we
say A * Bonly it A xB¥DOD,

To sum up, "*"

car be applied only to ron-emrty ciasses,
whose product is also noi-empty, and when placed between the
names of such classes simply states these conditicns, We write

A®53forA#0, B¢¥O, and AB ¥ 0,

As we shall see in the next report, the distribution o

"y,

"s" pver o set of enumerated ciasses A * (B, C. D .,.. } occours

as a necessary consequeiice of: (1 the manuner in which the asso-
ciation of each term is derived from a system of information;
and (2) the way fin which assuciations are recorded for mechani-

cal manipulszicn.
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